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ABSTRACT The central problem in computer science is
the conjecture that two complexity classes, P (polynomial
time) and NP (nondeterministic polynomial time—roughly
those decision problems for which a proposed solution can be
checked in polynomial time), are distinct in the standard
Turing model of computation: P NP. As a generality, we
propose that each physical theory supports computational
modelswhosepower islimited bythephysical theory. I t iswell
known that classical physics supports a multitude of imple-
mentation of the Turing machine. Non-Abelian topological
quantum field theories exhibit the mathematical features
necessary to support a model capable of solving all P
problems, a computationally intractable class, in polynomial
time. Specifically, Witten [Witten, E. (1989) Commun. Math.
Phys. 121, 351–391] has identified expectation values in a
certain SU(2)-field theorywith valuesof theJonespolynomial
[Jones, V. (1985) Bull. Am. Math. Soc. 12, 103–111] that are

P-hard [Jaeger, F., Vertigen, D. & Welsh, D. (1990) Math.
Proc. Comb. Philos. Soc. 108, 35–53]. This suggests that some
physical system whose effective Lagrangian contains a non-
Abelian topological term might be manipulated toserve asan
analog computer capable of solving NP or even P-hard
problems in polynomial time. Defining such a system and
addressing the accuracy issues inherent in preparation and
measurement is a major unsolved problem.

I t is known that the partition function, correlation functions,
and other observables in field theory and statistical mechanics
are generally hard to compute. In idealized models the level of
hardness can often be established within the computational
hierarchy. We find that for topological quantum field theories
(TQFTs), where the combinatorial nature of the propagation
allows a complete analysis, hardness and noncommutativity
are tightly linked. More broadly, we propose that a physical
system Swith a non-Abelian topological term in itsLagrangian
may have observables that are NP-hard (or even P-hard)
functions of their preparation parameters. The topological
character of S is consistent with the exact preparation of a
discrete initial state, e.g., a knot type. A central dif ficulty will
be extracting the ‘‘hard’’ information with measurements of
limited accuracy. The accuracy challenge may have been met,
at least theoretically, by certain models of quantum compu-
tation (1, 2, ) in which (i) a multi-bit state projection is read
out aspin at a time and (ii) thealgorithm employed ensuresthe
state projection will, with high probabilit y, contain useful
information. Solving the accuracy problem for S could, in
principle, lead to an analog computer based on preparation
and observation of S capable of solving all P-problems in
polynomial time.

We begin with abrief sketch of computational concepts. The
Turing machine T represents an abstraction of the principles
of mechanical computation. The machine consists of a head

and a tape. The head is capable of being in one of a finite
number of ‘‘internal states’’ { qi} and can read and overwrite a
symbol { Sj} f rom a finite set of symbols and then shift one
block left or right along the tape. I t contains a finite internal
program that directs its operations.

Consider a problem Q, with a yes no answer, for which
infinitely many instancesexist, for example, the satisfiabilit y of
Boolean formulae. One asks: what is the fastest possible
running time as a function of the size of the instance which a
fixed program might achieve in correctly answering all of the
instances of Q? One says that Q is in class P, if there is a
program whose running time is bounded by a polynomial
function of the number n of bits required to describe the
instance I of Q on the Turing machine’s tape. One says Q is in
NP if there is an ‘‘existential’’ program operating on I plus a
number of ‘‘guess bits’’ that correctly answer all instances I of
Q in polynomial time. The existential program isdeemed to say
‘‘yes,’’ if f some setting of the guess bits returns a ‘‘yes’’ answer
in poly-time. Clearly P NP. I t is easy to map NP into an
apparently larger classof questions Pwhich ask of a given NP
algorithm (with a fixed polynomial time cut-of f), how many
settings of the guess bits lead to ‘‘yes’’?

The word ‘‘complete,’’ following a class, is used to denote a
problem Q within a class, which ismaximally hard in the sense
that any other problem in the class can be solved—again in
poly-time—with an oracle giving, in a single clock cycle,
solutions of Q. The word ‘‘hard,’’ following a class, denotes a
problem not necessarily in the class, but to which all problems
in the class reduce (again in poly-time). For example, counting
the number of Boolean satisfactions is the paradigm P-
complete problem.

I t is a theorem (3) that evaluating the Jones polynomial at
any primitive rth root of unity , for r 5, is P-hard. This
ultimately employs a chain of reasoning relating the Jones
polynomial to the Tutte polynomial to the chromatic polyno-
mial to Boolean satisfiabilit y to the operation of a Turing
machine. The Jones polynomial (4) is a one-variable (t)
polynomial invariant of smooth or P.L. knots in Euclidean
3-space which obeys the skein relation:

tJ t 1J t1 2 t 1 2 J …̊ [1]

where ( ) meansinsert a knot or link diagram which is identical
in the three occurrences except near one point where three
indicated variations are drawn. Given a normalization J(un-
knot) 1, Eq. 1 uniquely defines J as a ‘‘polynomial’’ with
non-zero coef ficients at finitely-many positive and negative
whole powers of t

1
2 on all knots and links. The procedure for

evaluation involves calculating a tree of resolutions and seems
to be exponentially large in the number n of crossings in the
knot diagram. Thisnumber n, or rather some small polynomial
function of it, can be taken as the number of bits necessary to
specify the knot, so the input size of each instance is easily
quantified. Because the coefficients of Jare ordinar y integers,
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FIG. 1. Snapshots of the membrane systems at the end of the respect ive simulat ions runs. From left to right : (i) Protein-
poor membrane comprised of 2045 DPPC phospholipids and a single NaK channel protein. (ii) Protein-rich membrane system

comprised of 1600 DPPC lipids and 16 NaK proteins: Aggregat ing system. (iii) Protein-rich membrane system comprised
of 1600 DLPC lipids and 16 NaK proteins: Non-aggregat ing system. (iv) Schemat ic st ructures of a DPPC phospholipid and

an NaK channel protein employed in our coarse-grained simulat ions. For both DPPC and the NaK channel, the t ransparent
coarse-grained st ructure is shown on top of the atomist ic representat ion.

I I I . R ESU LT S

In this Sect ion we showcase the various aspects of the
protein and lipid mot ion in the simulated lipid bilayer
membranes. As we will see, major changes are e↵ected
at higher protein crowding fract ions.

A . Pr ot ein cr owding induces mult i fr act al
anom alous lat er al di↵usion in m embr anes

We start our analysis by examining the di↵usion prop-
ert ies of single phospholipid and protein molecules in our
model membranes. From an individual two-dimensional
t rajectory r (t) encoding the mot ion of such a single
molecule the t ime averaged MSD

δ2(∆ ) =
1

T − ∆

Z T − ∆

0

h
r (t + ∆ ) − r (t)

i 2

dt (2)

is evaluated as funct ion of the lag t ime ∆ and the over-
all observat ion t ime T . Here r (t), throughout the study,
refers to the in-plane coordinate of the center of mass of
a given lipid or protein molecule with respect to the cen-
ter of mass of the ent ire membrane, thus removing the
e↵ect of membrane drift during the simulat ions [51]. The
advantage of the t ime averaged MSD (2) over the ensem-
ble average (1) is that for sufficient ly long trajectories
r (t) resolves di↵erences between the mot ion of individ-
ual part icles, as we show below. We note that in so-
called weakly non-ergodic systems the long t ime scaling
of the t ime averaged MSD δ2(∆ ) may di↵er fundamen-
tally from the corresponding ensemble average hr 2(t)i ,
reflect ing the non-stat ionarity of the underlying mot ion
[29, 30, 33, 81, 82]. Experimentally and from simula-
t ions such weak non-ergodicity was indeed observed in
the cytoplasm [38, 39] and the plasma membrane [53, 55]
of living cells, as well as quite di↵erent systems such as
blinking quantum dots [83] or granular gases [84].

Fig. 2 depicts t ime averaged MSD of all lipid molecules
(thin colored lines) and proteins (thick red lines) in non-
crowded and crowded membranes. Along with the indi-
vidual t ime averaged MSDs the mean

hδ2(∆ )i =
1

N

NX

i = 1

δ2
i (∆ ) (3)

as the gray solid line is plot ted for all lipids. From this
averaged curve the anomalous scaling exponents↵ arees-
t imated as funct ion of the lag t ime∆ , shown in theupper
panels in Fig. 2. The results show that protein crowding
significant ly a↵ects the character of the lateral di↵usion
in themembranes. While the lipidsand thesingleprotein
in the non-crowded membrane exhibit t rivial Brownian
di↵usion at lag t imes∆ longer than some10 ns consistent
with previous studies [50–52, 85], those in the crowded
membrane exhibit significant anomalous di↵usion. The
plot of ↵ as funct ion of ∆ tells us that the lipid carries
out mult i-fractal subdi↵usion unt il tens of microseconds
where the scaling exponent ↵ is temporally varied with
∆ in a broad spectrum of values. Addit ionally the subd-
i↵usive dynamics extends for around 3 orders of magni-
tude longer than for non-crowded lipid membranes. The
variat ion in ↵ indicates that the lipid mot ion is st rongly
a↵ected by the proteins unt il around 10 µs. The be-
haviors at t ime scales of > 10 µs are not conclusive for
our analysis due to the limited simulat ion range. It ap-
pears that the st rong fluctuat ion in the scaling exponent
↵(∆ ) for theproteins stems from thecomparat ively small
numbers of proteins and will be di↵erent for independent
runs. Interest ingly, the di↵usion dynamics of the pro-
teins is a↵ected by their own crowded state. In contrast
to the normal di↵usion of a single protein in non-crowded
membrane 16 proteins in the crowded membranes exhibit
st rong subdi↵usion. This e↵ect is also clearly seen in the
corresponding t rajectories (Fig. S1). Without any signa-
ture of t ransient behavior it persists unt il the end of the
simulat ions at 100 µs with an anomalous di↵usion expo-
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(1) TEKIJÖIDEN VALINTAA KÄYTÄNNÖSSÄ 

OMASSA YKSIKÖSSÄMME

Merkittävä kontribuutio?  

• Idea, implementoinnin toteutuksen suunnittelu, toteutus osakokonaisuus 

kerrallaan, analyysi, tulkinta, kirjoitus, jne. 

• Toteutus & analyysi vaatii usein monen ihmisen kontribuutiota – muuten 

projektilla ei ole onnistumisen mahdollisuutta järkevässä ajassa

• Tulkinta erilainen juniorille ja seniorille: mitä kokeneempi, sitä enemmän 

vaaditaan 

• Kyse ei ole tehdyn työn määrästä tai käytetystä ajasta: 15 min keskustelu 

saattaa olla tärkeämpi kuin 1 vuoden suorittava työ 

• Palkan maksaminen voi olla tieteellinen kontribuutio, jos sen hankkiminen on 

perustunut projektin tieteellisen idean tuottamiseen 

• Oikeus todeta, että oma kontribuutio ei ole riittävä 



(1) TEKIJÖIDEN VALINTAA KÄYTÄNNÖSSÄ 

OMASSA YKSIKÖSSÄMME

Tekijöiden valinta  

• Tekijöitä ei valita projektin alussa – valinta vasta artikkelia kirjoitettaessa 

• Tutkijalla oikeus ehdottaa, että kuuluu tekijöiden listaan 

• Projektin jäsenillä velvollisuus ehdottaa, jos tekijäluettelosta puuttuu joku 

tieteellisen kontribuution omaava 

• Valinta tekijäksi osin yhteisöllinen päätös siitä, onko tieteellinen kontribuutio 

ollut merkittävä – lopullinen päätös projektin vetäjällä 

• Monen ryhmän yhteistyössä tekijöiden valinta perustuu luottamukseen 

• Usean projektin jatkumossa tekijyyttä voi tarkastella artikkeliportfolion kannalta 

kokonaisuutena 

• Intohimoristiriita: Ensimmäisiä (ja viimeisiä) tekijöitä voi olla useampi
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KOKEELLISEN TYÖN RAJOITUKSET

C. Eggeling et al., Nature 457, 1159 (2009)

• Super-resoluutiomikroskopialla (lähes) molekyylitason kuvantamista

• Resoluutio ~20-40 nm

• Nobel (mm. Stefan Hell) 2014



TARKEMPI RESOLUUTIO TIETOKONESIMULAATIOILLA

• Atomistiset OPLS, Charmm jne. voimakentät

• MARTINI-malli (Marrink, Groeningen) 

CARBOHYDRATES

State of the art: 

~1,000,000 atomia 

>1000 mikrosekuntia



RASKAS TYÖ TIETOKONEILLE…



CSC – IT Centre for Science

• Cray XC30 + muut koneet

• Noin 40,000 corea

ILMAN RESURSSEJA EI OLE TIEDETTÄ

Muiden supertietokonekeskusten tarjoamat

resurssit:

• Tier-0 resurssit (PRACE): mm. 60,000,000 core-tuntia

(helmikuu 2013)  

• Tier-0 projektit vastaavassa hengessä (2014-2016) 

• Tier-1 resurssit (DECI/PRACE)

• Jugine (Julich) 

• HorseShoe (Odense, Denmark) 

• SharcNet (Canada)  

• Jne. 

Ryhmämme käytti ~15,000 core-vuotta

laskentaresursseja vv. 2013-2014.


